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Abstract 

In this paper, we present the boundedness of solution set of tensor complementarity 
problem defined by a strictly semi-positive tensor. For strictly semi-positive tensor, we 
prove that all i/'*'(Z'’')-eigenvalues of each principal sub-tensor are positive. We define 
two new constants associated with ff'^(Z'’')-eigenvalues of a strictly semi-positive ten¬ 
sor. With the help of these two constants, we establish upper bounds of an important 
quantity whose positivity is a necessary and sufficient condition for a general tensor 
to be a strictly semi-positive tensor. The monotonicity and boundedness of such a 
quantity are established too. 
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1 Introduction 

An m-order n-dimensional tensor (hypermatrix) A = (ajj...*^) is a multi-array of real entries 
where ij G /„ = {1, 2, • • • , n} for j G /^ = {1, 2, • • • , m}. Let x G M"". Then 
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is a vector in M" with its ith component as 




^2r” — 1 


for i G In- Obviously, each component of is a homogeneous polynomial of degree 

m — 1. For any q G M"", we consider the tensor complementarity problem, a special class of 
nonlinear complementarity problems, denoted by TCP(^, q): hnding x G such that 


TCP(^, q) X > 0, q + ^ > 0, and x^(q + Axl^ ^) = 0 


or showing that no such vector exists. 


Clearly, TCP(^, q) is a natural extension of linear complementarity problem (m = 2). 
The notion of the tensor complementarity problem was used hrstly by Song and Qi BE]. 
Recently, Huang and Qi [3] formulated an n—person noncooperative game as a tensor com¬ 
plementarity problem and showed that finding a Nash equilibrium point of the multilinear 
game is equivalent to finding a solution of the tensor complementarity problem. Very re¬ 
cently, the solution of TCP(^, q) and related problems have been well studied. Song and 
Qi [1] discussed the solution of TCP(^, q) with a strictly semi-positive tensor and proved 
the equivalence between (strictly) semi-positive tensors and (strictly) copositive tensors in 
the case of symmetry. Che, Qi, Wei [5] discussed the existence and uniqueness of solution 
of TCP(^, q) with some special tensors. Song and Yu [6] studied properties of the solution 
set of the TCP(^, q) and obtained global upper bounds of the solution of the TCP(^, q) 
with a strictly semi-positive tensor. Luo, Qi and Xiu [7] obtained the sparsest solutions to 
TCP(^, q) with a Z-tensor. Gowda, Luo, Qi and Xiu [8] studied the various equivalent con¬ 
ditions of existence of solution to TCP(^, q) with a Z-tensor. Ding, Luo and Qi [9] showed 
the properties of TCP(^, q) with a P-tensor. Bai, Huang and Wang [10] considered the 
global uniqueness and solvability for TCP(^, q) with a strong P-tensor. Wang, Huang and 
Bai gave the solvability of TCP(^, q) with exceptionally regular tensors. Huang,Suo 
and Wang [12] presented the several classes of Q-tensors. Song and Qi [13], Ling, He, Qi 
[mils], Chen, Yang, Ye [TB] studied the the tensor eigenvalue complementarity problem for 
higher order tensors. 


The tensor complementarity problem, as a special type of nonlinear complementarity 
problems, is a new topic emerged from the tensor community, inspired by the growing re¬ 
search on structured tensors. At the same time, the tensor complementarity problem, as a 
natural extension of the linear complementarity problem seems to have similar properties 
to such a problem, and to have its particular and nice properties other than ones of the 
classical nonlinear complementarity problem. So how to identify their good properties and 
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applications will be very interesting by means of the special strncture of higher order tensors 
(hypermatrices). 

Let A = (ttij) be an n X n real matrix and q G M"'. The linear complementarity problem, 
denoted by LCP(74, q), is to hnd x G M” such that 

LCP (A, q) X > 0, q + Ax > 0, and x"'" (q + Ax) = 0 

or to show that no such vector exists. In past several decades, there have been numerous 
mathematical workers concerned with the solution of LCP(A, q) by means of the special 
structure of the matrix A. An important topic of those studies is the error bound analy¬ 
sis for the solution of LCP(A,q). In 1990, Mathias and Pang [1^ discussed error bounds 
for LCP(A,q) with a P-matrix A. Luo, Mangasarian, Ren, Solodov [18] established error 
bounds for LCP (A, q) with a nondegenerate matrix. Chen and Xiang [T^l 120] studied per¬ 
turbation bounds of LCP (A, q) with a P-matrix and the computation of those error bounds. 
Chen, Li, Wu, Vong [21] established error bounds of LCP(A, q) with a MB-matrix. Dai 
[22] presented error bounds for LCP (A, q) with a DB-matrix. Dai, Li, Lu [23l [23] obtained 
error bounds for LCP(A,q) with a SB-matrix. Garcia-Esnaola and Pena [20] studied error 
bounds for LCP(A, q) with a B-matrix. Garcia-Esnaola and Pena [20] proved error bounds 
for LGP(A, q) with a BS-matrix. Garcia-Esnaola and Pena [2Z] gave the comparison of error 
bounds for LGP(A, q) with a H-Matrix. Recently, Li and Zheng [28] gave a new error bound 
for LGP(A,q) with a H-Matrix. Sun and Wang [29] studied error bounds for generalized 
linear complementarity problem under some proper assumptions. Wang and Yuan [30] pre¬ 
sented componentwise error bounds for LGP(A,q). 

Motivated by the study on error bounds for LGP(A,q), we consider the boundedness 
of solution set for the tensor complementarity problem. The following question is natural. 
May we extend the error bounds results of the linear complementarity problem to the tensor 
complementarity problem with some class of specially structured tensors? 

In this paper, we will mainly consider the above question. In order to showing the bound¬ 
edness of solution set of tensor complementarity problem, we first study the properties of 
a quantity /9(A) for a strictly semi-positive tensor. Such a quantity /9(A) closely adheres 
to the error bound analysis of TGP(A, q). We show the monotonicity and boundedness of 
/9(A) and obtain that the strict positivity of /3(A) is equivalent to strict semi-positivity of 
a tensor. We introduce two new constants associated with iL’^(Z’'')-eigenvalues of a tensor 
and establish upper bounds of /9(A) for strictly semi-positive tensor A. We also prove that 
all //■'■(Z''')-eigenvalues of each principal sub-tensor of a strictly semi-positive tensor are 
positive. Finally, we present the upper and lower bounds of solution set for TGP(A, q) with 
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a strictly semi-positive tensor A. 


We briefly describe our notation. Let In '■= {1, 2, • • • , n}. We use small letters x,u,v,a, ■ ■ ■, 
for scalars, small bold letters x,y, • • •, for vectors, capital letters A,B, - ■ ■, for matrices, cal¬ 
ligraphic letters A,B, - ■ ■, for tensors. Denote the set of all real mth order n-dimensional ten¬ 
sors by Tm,n and the set of all real mth order n-dimensional symmetric tensors by Sm,n- We 
denote the zero tensor in Tm,n by O. Denote M"" := {x = {xi,X 2 , - ■ ■ , XnY x* G M, i G /„}, 

C” := {(xi, X 2 , • • • , XnY''-, Xj G C, z G In}, = {x G M”; x > 0}, M” = {x G M”; x < 0} 

and IR+_|_ = {x G M""; x > 0}, where M is the set of real numbers, and C is the set of complex 
numbers, x^ is the transposition of a vector x, and x > 0 (x > 0) means Xj > 0 (x* > 0 ) 
for all i G In- Let e = (1,1, • • • , 1)^. Denote by the zth unit vector in M", i.e., = 1 

if z = j and = 0 if z 7 ^ j, for z,j G For any vector x G is a vector in 

with its zth component dehned as x^“^ for z G and x G M”, x_|_ is a vector in M” 

with (x_|_)j = Xj if Xj > 0 and (x+)j = 0 if x* < 0 for z G We assume that m > 2 and 

rz > 1. We denote by A:^ the principal sub-tensor of a tensor A G Tm,n such that the entries 
of A'l are indexed by J C with | J| = r (1 < r < n), and denote by xj the r-dimensional 
sub-vector of a vector x G M”, with the components of xj indexed by .1. 

2 Preliminaries and basic facts 

In this section, we will collect some basic dehnitions and facts, which will be used later on. 

All the tensors discussed in this paper are real. An m-order rz-dimensional tensor (hy¬ 
permatrix) A = is a multi-array of real entries where ij G for j G Im- If 

the entries are invariant under any permutation of their indices, then A is called a 

symmetric tensor. We now give the dehnitions of (strictly) semi-positive tensors (strictly) 
copositive tensors, which was introduced by Song and Qi [2] . The concept of (strictly) copos¬ 
itive tensors was hrst introduced and used by Qi in [31]. Their equivalent dehnition and 
some special structures were proved by Song and Qi [32] . 

Definition 2 . 1 . Let A = (oii-.-i^) G Tm,n- -A- is said to be 

(i) semi-positive iff for each x > 0 and x 7^ 0, there exists an index k & In such that 

Xfc > 0 and [Ax!^~^)^ > 0; 

(ii) strictly semi-positive iff for each x > 0 and x 7^ 0, there exists an index k ^ In 
such that 

Xfc > 0 and > 0 , 

or equivalently, 

Xk (.Ax™"^)^ > 0; 
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(in) copositive if > 0 for all x G M+; 

(iv) strictly copositive if AxA > 0 for all x G M" \ {0}. 

(v) Q-tensor iff the TCP{A, q) has a solution for all q G M". 

The following are two basic conclusions in the study of (strictly) semi-positive tensors. 

Lemma 2.1. (Song and Qi [21 Corollary 3.3, Theorem 3.4] and jH Theorem 3.3, 3.4]) 
Each strictly semi-positive tensor must he a Q-tensor. If A E Sm,n, then A is (strictly) 
semi-positive if and only if it is (strictly) copositive. 

The concept of principal sub-tensors was introduced and used in [33] for symmetric 
tensors. 

Definition 2.2. Let A = (aii-.-j^) G Tm,n- A tensor C G Tm,r is called a principal snb- 
tensor of a tensor A = G Tm,n (I < r < n) iff there is a set J that is composed of 

r elements in In such that 


C (®ii---i?n)) b) ^ 2 ) ■ ■ ■ ) 'Im £ J- 

Denote such a principal sub-tensor C by A). 

Lemma 2.2. ^ Proposition 2.1, 2.2] Let A G Tm,n- Then 
(i) ciii-i > 0 for all i E In if A is semi-positive; 

(a) aii...i > 0 for all i E In if A is strictly semi-positive; 

n 

(Hi) there exists k E In such that — 0 if A is semi-positive; 

n 

(iv) there exists k E In such that if A is strictly semi-positive; 

(v) each principal sub-tensor of a semi-positive tensor is semi-positive; 

(vi) each principal sub-tensor of a strictly semi-positive tensor is strictly semi-positive. 

The concepts of tensor eigenvalues were introduced by Qi [331 [31| to the higher order 
symmetric tensors, and the existence of the eigenvalues and some applications were stud¬ 
ied there. Lim [35] independently introduced real tensor eigenvalues and obtained some 
existence results using a variational approach. 

Definition 2.3. Let A = (ajj...*^) G Tm,n- 
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(i) A number X E C is called an eigenvalue of A iff there is a nonzero vector x G C"" 


such that 


= Axl"*-'!, 


( 2 . 1 ) 


and X is called an eigenvector of A, associated with X. An eigenvalue X corresponding 
a real eigenvector x is real and is called an if-eigenvalue, and x is called an H- 
eigenvector of A, respectively; 


(a) A number X E C is called an E-eigenvalue of A iff there is a nonzero vector x G C"" 
such that 


Ayr-^ = Ax, x^x = 1, 


( 2 . 2 ) 


and X is called an E-eigenvector of A, associated with X. An E-eigenvalue X corre¬ 
sponding a real E-eigenvector yi is real and is called an Z-eigenvalue, and x is called 
an Z-eigenvector of A, respectively. 

Recently, Qi [35] introduced and used the following concepts for studying the properties 
of hypergraphs. 

Definition 2.4. A real number X is said to be 

(i) an i4+-eigenvalue of A iff it is an El-eigenvalue and its H-eigenvector x G ; 

(a) an i4+’''-eigenvalue of A, iff it is an H-eigenvalue and its Ed-eigenvector-y. E 1R++. 

(Hi) a Z+-eigenvalue of A (fS^) iff it is a Z-eigenvalue and its Z-eigenvector y. E 

(iv) a Z++-eigenvalue of A (JE^) iff it is a Z-eigenvalue and its Z-eigenvector y E 1R++. 

Recall that an operator T : —)■ is called positively homogeneous iff T{ty) = 

tT(y) for each f > 0 and all x G M"". For x G M", it is known well that 
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are two main norms dehned on M"’. Then for a continuous, positively homogeneous operator 
T : M" —>■ M”, it is obvious that 


||T||p max ||r(x)||p and ||Tm max ||r(x)||po 



(2.3) 


are two operator norms of T. 

Let A E Tjn,n- Dehne an operator T 4 : M"" —>■ M" by for any x G M", 



(2.4) 
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When m is even, define another operator F 4 : M" —>■ M” by for any x G M"", 


F4 (x) := 


m-1 


(2.5) 


Clearly, both F 4 and T 4 are continuons and positively homogeneons. The following npper 
bonnds and properities of the operator norm were established by Song and Qi 


Lemma 2.3. (Song and Qi Theorem 4-3,Lemma 2.1]) Let A = G Tm,n- Then 


(i) ||^.4(x)||oo < ||i^4||oo||x||oo and ||F^(x)||p < ||F^| 




(ii) ||T^(x)||oo < ||T^||oo||x||oo and ||T^(x)||p < ||T^||p||x||p; 


(ni) \\T_a\\oo < max ^ lau^-i 


i&L. 


. ^ 2 i’” — 1 


ll-^. 4 ||oo < max XI \aii 2 -i 


i&I, 


when m is even. 


^2 r ” Am — 1 

Lemma 2.4. Let A = G Tm,n- Then 

A) ^llX^lloo < llX^llp < L/n\\FA\\oo; 
"^lIXllloo < lIXlllp < "V^ll^.4||oo;' 


(%%%) llT^llp < I E E \aii2-i 

i=l V i2,-" ,*m = l 


when m is even: 


A\p 

\\Ta\\p < n~ I E I E \aii2-i 

Proof, (i) It follows from the definitions fl2.3p of the operator norm and the fact that ||x||oo < 
||x||p < ^/n||x||oo that 

IlF^llp = niax ||F^(x)||p < niax ^||F^(x)||oo 

X L=1 X L=1 


< max ^^IIFaIUiix 

X V — 1 


00 OD 


< max 5 ^||F^||oo||x||p 

||x||p=l 

= </^\\Fa\\oo 
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and 


l-^^lloo = max ||F^(x)||oo< max ||F^(x) 


II x|| CO —1 


l|x|| oo — 1 


< max ||F^||p||x||p 

l|x||oo = l 


< max ^/n||F^|| 


P||-^||CXD 


ll^cll oo — 1 

= ^||F^||p. 

This proves (i). Similarly, (ii) is easy to obtain. 

(iii) It follows from the definition fl2.3p of the operator norm that 

ll^.4||p =(,max WFaxWpY = niax ||F^x|||; 


= max 


.5: 

2=1 


. E 

y 22 ,”‘ ,im — 1 


1 

m — 1 


n 


n 


E( E 




1 • • 'y' ■ 'T* • • • • 'y' ■ 

^lt2 ■ "'^m I 1*^22 I 1*^23 I 1*^2 7) 


P 

m — 1 


< max 


2—1 \^ 2 ?'''?^m — 1 


= max 
lla:|U= 


2—1 \i2')‘" lim- 

n / n 

■X ^ 


p 

m—1 


|^ 222 --- 2 m I ll^llp 


m—1 


p 

m—1 


^222•••^m I 


X 


2—1 \^ 2 ?'''?^m — 1 

n / n 

Xi2-im\ 

2=1 \22,”-,2m = l 


P 

m—1 


(iv) It follows from the definition of the norm that ||x ||2 > "^II^IIp 


|r^||^= max \\Ty^x\\l 

ll^ll 00 — 1 

n 

E ll l|-(^- 2 ) 

||X ||2 

ii*^iip— . 1 

2=1 

< max 

lhllp=i “ \ . 

2—1 \ 22 r” ) 2 m 

< max^n”^-lx|| 7 (”^- 2 )|lx||P(”*-^)^ ( ^ 


E 

22 !'" j^m — 1 


'^222-"2m I 1*^22 I l ‘^23 


'T* • 'IP ■ • • • 'T* • 

*^22 r^23 r^ 2 r, 


^222-"2m I 


2—1 \ 22 r" 52772 — 1 


="”-^E ( E 

2—1 \i2-,"' Am — 1 




This completes the proof. 






The following conclusion about the solution to TCP(^, q) with P-tensor A is obtained 
by Song and Qi |2l 0] 

Lemma 2.5. (Song and Qi Corollary 3.3, Theorem 3.4] and ^ Theorem 3.2]) Let 
A G Tm,n be a strictly semi-positive tensor. Then the TCP{A, q) has a solution for all 
q G M”, and has only zero vector solution for q > 0. 

3 Properties of Semi-positive Tensors 

Recently, Song and Yu [B] dehned a quantity for a strictly semi-positive tensor A. 

(3{A) ;= min maxXi{Ax^~^)i. (3.1) 

||x||c)o = l iGln 

x>0 

3.1 Monotonicity and boundedness of (3(A) 

We now establish the monotonicity and boundedness of the constant (3{A) for a (strictly) 
semi-positive tensor. The proof technique is similar to the proof technique of [H Theorem 
4.3] and [38l Theorem 1.2]. For completeness, we give the proof here. 

Theorem 3.1. Let V = diag{di,d 2 , ■ ■ ■ ,dn) be a nonnegative diagonal tensor in Tm,n o,nd 
A = (ajj...i^) be a semi-positive tensor in Tm,n- Then 

(i) AA)<i3{ApV); 

(a) (3{A) < (3Ai) principal sub-tensors A]; 

(in) (3{A) < n^\\TA\oo; 

(tv) AA) < \\FA\Z-^ when m is even. 

Proof, (i) By the definition of semi-positive tensors, clearly .4,-l-P is a semi-positive tensor. 
Then /9(.4,-|- P) is well-defined. Then we have 

diA) = min maxxj(.4,x’"“^)j 

l|x||oo = l i&In 

x>0 

< min max (xi(Ax^~^)i -f- dix]^) 

llx|ioo=i iein ^ ^ ^ ^ 

x>0 

= min maxxj ((.4,-|-P)x™'“^). 

I|x||oo = l 

x>0 

=I3{A + V). 


9 


(ii) Let a principal sub-tensor Af of A be given. Then for each nonzero vector z = 
{zi, ■ ■ ■ ,Zry e M+, we may define y(z) = (j/i(z), j/ 2 (z), • • • ,2/n(z))’^ G M+ with yi{z) = Zi 
for z G J and z/i(z) = 0 for z ^ J. Thus ||z||oo = ||y(z)||oo, and hence, 

d{A) = min 

llx||oo=i ie/„ 

x>0 

< min max(y(z))i(.4(y(z))"-)i 

||y(z)||oo = l l^In 

y(z)>0 

= min v[iSLKZi{Aiz'^~^)i 

INIIoo^l i&I„ 

z>0 

=/5(A")- 


(iii) It follows from Lemma [2731 that for each nonzero vector x = (xi, 


,Xr 


\T 


and 


each i ^ In, 


= Xi 


I m—2 


T^x 


m —1 > 


< 


I ^ 11^112 


II 

-^1 1 9 I OD 


lir. 4 (x)iu < 


im —2 


lir.4||< 


Then using ||x ||2 < \/rz||x||oo, we have 


maxxj(^x"* ^)j < ||x 


lizail 



< n~ 


'-\\TaI 



m 
oo * 


Therefore, we have 


/9(^) 


min maxxT^x™ ^)i<n 2 IITjIIoo- 

l|x||cx= = l ie/n 

x>0 


(iv) It follows from Lemma [23] that for each nonzero vector x = (xi, • • • , x„)^ G M” and 
each i & In, 


Xi(^x"* 


Xi{Fx^ 


m—1 


\m—l 

)i 


< 








m 

OD5 


Then we have 


Therefore, we have 


maxxjf^x 


.m—1 


'i < 


A 


I I 

loo I 


im 

I OD* 


/3{A) 


min maxXi{Ax^-^)i < \\F_a\\Z~^ 

l|x:||oo = l i£ln 

x>0 


The desired conclusions follow. 


□ 


3.2 Necessary and sufficient conditions of strictly semi-positive 
tensor 

We now give necessary and sufficient conditions for a tensor A G Tm,n to be a strictly 
semi-positive tensor, based upon the constant (I[A). 
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Theorem 3.2. Let A G Tm,n- Then 
(i) A is a strictly semi-positive tensor if and only if /3{A) > 0 ; 


(a) (d{A) >t] if A is a semi-positive tensor. 


Proof, (i) Let A be strictly semi-positive. Then it follows from the definition of strictly 
semi-positive tensors that for each x = ,XnY G M" and x 7^ 0, there exists 

k & In such that 


Xk > 0 and (.Ax'" > 0 , i.e., Xk{Ax^ ^)k > 0 . 


(3.2) 


So, we have 

maxXj(A.x'"“^)j > 0. 

Thus 

3{A) = min maxXj(A.x’"“Aj > 0 . 

llx||oo=i 

x>0 

If I3{A) > 0, then it is obvious that for each y G M" and y 7 ^ 0, 

Hence, by ||y||oo > 0, we have 

maxj/i(.Ay'"-^)i > 0. 

l&In 

Thus yk{,Ay'^~^)k > 0 for some k G In, i-e., A, is a strictly semi-positive tensor. 

(ii) The proof is similar to ones of (i), we omit it. □ 


Corollary 3.3. Let A G Tm,n- Then 

(i) minajj...j > (I{A) > if A is a strictly semi-positive tensor; 

i&In 

(ii) minaii...j > (I{A) >t) if A is a semi-positive tensor. 

i&In 

Proof, (i) It follows from Theorem 13.11 (ii) that 

/3{A) < fi{A(.) for all J C In,r e In- 

Choose .1 = {i} for each i & In and r = 1. Then for all x = Xj G M^, we have 

Aix^-^ = an...,xf^-\ 


Let ||x||oo = 1- Then x = 1 or —1, and hence 

(diA^.) = min maxXj(A.;(x’"“^)j = 1 x ajj...* x 1 ™“^ = 

l|3c||oo=i ieJ 

x>0 

Since i G is arbitrary, the desired conclusion follows. 

Similarly, (ii) is easy to obtain, we omit it. □ 
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Combing the above conclusions and Lemma 12.11 the following are easy to obtain. 
Corollary 3.4. Let A G Sm,n- Then 
(i) A is a strictly copositive tensor if and only if (3[A) > 0; 

(a) (3{A) >t) if A is a copositive tensor. 

(Hi) minajj...j > (3{A) >0 if A is strictly copositive; 

i&In 

(iv) minajj...j > (3{A) >t) if A is copositive. 

i&In 

3.3 Eigenvalues of a semi-positive tensor 

Theorem 3.5. Let A G Tm,,n- 

(i) If A is a strictly semi-positive tensor, then all -eigenvalues of A are positive; 

(%%) If A is a semi-positive tensor, then all H'^-eigenvalues of A are nonnegative; 

(Hi) If A is a strictly semi-positive tensor, then all Z~^-eigenvalues of A are positive; 

(iv) If A is a semi-positive tensor, then all -eigenvalues of A are nonnegative. 

Proof, (i) Let .4, be a strictly semi-positive tensor. Then it follows from the dehnition of 
strictly semi-positive tensors that for each x = (xi,X2,--- yXn^ G M” and x 7 ^ 0, there 
exists k G In such that 

Xk > 0 and {Ax"^~^)k > 0. (3.3) 

Let A be an H'*’-eigenvalue of A. Then there exists a vector y G M” and y 7 ^ 0 such that 

(Ay^-^)^ = XyT-^ for all * G 4. (3.4) 

Putting X = y in (I3.3|l . there exists k E In such that 

yk> 0 and {Ay'^~^)k > 0. (3.5) 

Combining (13.41) and (13.bh . we have 

0 < = Xyr', 

and so, A > 0 . Since A is an arbitrary Lf^-eigenvalue of A, the desired conclusion follows. 
Similarly, it is easy to prove (ii), (iii) and (iv). □ 

By Lemma 12.2( the following corollary is easy to be proved. 
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Corollary 3.6. Let A G Tm,n- Then 

(i) all -eigenvalues of each principal sub-tensor of A are nonnegative (positive) if A is 
a (strictly) semi-positive tensor; 

(a) all Z~^-eigenvalues of each principal sub-tensor of A are nonnegative (positive) if A is 
a (strictly) semi-positive tensor. 

By Lemma I2.1[ the following corollary is easy to be proved. 

Corollary 3.7. Let A G Sm,n- Then 

(i) all -eigenvalues of each principal sub-tensor of A are nonnegative (positive) if A is 
a (strictly) copositive tensor; 

(a) all Z~^-eigenvalues of each principal sub-tensor of A are nonnegative (positive) if A is 
a (strictly) copositive tensor. 

3.4 Upper bounds of P{A) 

The quantity (3{A) is in general not easy to compute. However, it is easy to derive some 
upper bounds for them when ^ is a strictly semi-positive tensor. Next we will establish 
some smaller upper bounds. For this purpose, we introduce two quantities about a strictly 
semi-positive tensor A'. 


5h+{,A) ;= mm{XH+{A()-, J C /n,r G /„}, (3.6) 

where Xh+{A) denotes the smallest of if’^-eigenvalues (if any exists) of a strictly semi¬ 
positive tensor A; 

6z+iA) := min{A^+(.4,;^); J C In,r e /„}, (3.7) 

where Xz+{A) denotes the smallest Z+-eigenvalue (if any exists) of a strictly semi-positive 
tensor A. The above two minimums range over those principal sub-tensors of A which 
indeed have if "^-eigenvalues (Z+-eigenvalues). 

It follows from Lemma ^Z2\ for Corollary 13.3p and Corollary 13 .6 1 that all principal diagonal 
entries of A are positive and all ff+(Z+)-eigenvalues of each principal sub-tensor of A are 
positive when m is even. So 6h+{A) and 6z+{A) are well dehned, hnite and positive. Now 
we give some upper bounds of (3 [A) using the quantities 6h+{A) and 6z+{A). 

Proposition 3.8. Let A G Tm,n (m>2) be a strictly semi-positive tensor. Then 

6h+{A) < minaii...j and Sz+{A) < Trim. an...i. (3.8) 


13 





Proof. It follows from Lemma 12.21 (or Corollary I3.3p that aii...i > 0 for all i G In- Since 
A'( = (J = {*}) is m-order 1-dimensional principal sub-tensor of A, aii...i is a I1+- 

eigenvalue of A'l for all i G and hence 

Sh+{A) < min 

iSln 

Similarly, it is easy to prove the other inequality. □ 

Theorem 3.9. Let A G Tm,n (m >2) be a strictly semi-positive tensor. Then 

(i) P{A) < hnriAY 

(a) II{A) < 6z+iA) if m is even. 

Proof, (i) Let 6 = 6h+ (.A) and B = A — where X is unit tensor. Then it follows from 
the definition of 5h+{A) that 5 is an iL^-eigenvalue of a principal sub-tensor Af. of A. Then 
there exists xj G \ {0} such that 

{Ai - hxi) (xj)™-' = aI{^jT-^ - h(xj)[’"-ii = 0. 

So the principal sub-tensor Bf = Af — 5Xf of B is not a strictly semi-positive tensor. Thus 
it follows from Lemma 12.21 that B = A — hX is not strictly semi-positive. From Theorem 13.21 
(i), it follows that (liB) < 0, and hence, by the definition of (5{B), there exists a vector y 
with ||y||oo = 1 such that 

max|/,(i3y—1), = max {y^{Ay^-% - 5yT) < 0. 

So, we have 


VkiAy"^ ^)k - 5y]f < max {yi{Ay'^ ^)i - 5yf^) < 0 for all k G In, 

i^ln 

and so, yk{Ay'^~^)k < hy'^ for all k G In- Thus, 

mnKyi{Ay'^~^)i < 5maxj/f < 5||y||™ = 5. 

t£ln l^In 

This implies that II{A) < 5h+{A). 

m 

(ii) Let 7 = 6z+{A) and B = A — yS, where S = If and I 2 is n x n unit matrix 
(Tx”*“^ = ||x||™“^x, see Chang, Pearson, Zhang [39]). Then 7 is a Z+-eigenvalue of a 
principal sub-tensor Af of A- Then there exists zj G \ {0} such that {zj^zj = I and 

{Ai - 7 ^/) {zjr-^ = Aiizjr-^ - 7zj = 0 . 
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So the principal sub-tensor = Ai — of B is not strictly semi-positive. Thus it follows 
from Lemma 12.21 that B = A — '^8 is not strictly semi-positive. From Theorem 13.21 (i), it 
follows that (3{B) < 0. So, there exists a vector y with ||y||oo = 1 such that 


max|/i(%™ ^)i = ms^{yi{Ay^ ^)i- 7l|y|ir < 0. 


Thus, using the similar proof technique of (i) and ||y ||2 < \/^||y||oo, we have 


I m—2 1 


max2/,(^y™-^),<7||y||r^||y||L = n ^ 

l£ln 


m — 2 

= n 2 7 . 


The desired inequality follows. 


□ 


From Lemma 12.11 and Theorem 13.91 the following corollary follows. 


Corollary 3.10. Let A G Sm,n (m >2) be strictly copositive. Then 
(i) (3{A) < hH+{A) < minig/^ 0 ^...,; 

(a) I3{A) < n^~6z+{A) if m is even. 

Question 1. It is known from Theorem \3.9\ that for a strictly semi-positive tensor A, 


minaii...i > 6h+{A) > (AyA) > 0 . 

i&In 

Then we have the following questions for further research. 

(i) Does the constant (3{A) have a strictly positive lower bound? 
(a) Are the above upper bounds the best? 


3.5 Boundedness of solution set of TCP(^, q) 

Song and Qi [I3] introduced the concept of Pareto iL(2')-eigenvalues and used it to portray 
the (strictly) copositive tensor. The number and computation of Pareto iL(Z)-eigenvalue 
see Ling, He and Qi [MSI, Chen, Yang and Ye [TB] . 

Definition 3.1. Let A = (aq-.-i™) G Tm,n- A real number /i is said to be 

(i) a Pareto iL-eigenvalne of A iff there is a non-zero vector G M"" satisfying 

AA^ = Ax^-^ - >0, X > 0, (3.9) 

where . 

(ii) a Pareto Z-eigenvalne of A iff there is a non-zero vector x G M” satisfying 

Ax^ = y(pAx)~, Ax^~^ — >0, X > 0. (3.10) 
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Let 


A(^) = min{A; A is Pareto H-eigenvalue of A} 


and 


fi{A) = min{/i; fi is Pareto Z-eigenvalue of A}. 

Song and Yu [ 6 ] obtained the following upper bounds of solution set of TCP(Al, q). 

Lemma 3.1. (Song and Yu Theorems S.SA-iA-S]) Let A = € Tm,n be strictly 

semi-positive and let x &e a solution of the TCP(Al, q). Then 


(^) l|x 


|m-l / ll(-q)+l|c 
loo — /3(yl) 


(n) iixiir' < 


(-q)+ll2 


- vA) 
-q)+l 


if A is symmetric; 


(Hi) ||x||™“^ < symmetric, 

where = (niax{xi, 0 }, max{x 2 , 0 }, • • • , max{a;„, 0 })"''. 

Now we present lower bounds of the solution set of TCP(Al, q) when A G Tm,n is strictly 
semi-positive. 


Theorem 3.11. Let A G Tm,n (m > 2) be strictly semi-positive, and let be a solution of 
TCP{A,q). Then 


(^) 

(ii) 

(Hi) 

(iv) 


ll(-q)+lloc 

m —2 

^ ^ ||7^.aI|oo 

ll(~Pl)+l|oo ^ 
- 

Il(-q)+ll2 < 
IIT.4II2 - 

ll(~q)+ll»n 


< 


\m—l . 


||x||™ ^ if m is even; 
-^112 ' 

|x||™“^z/m is even. 


Proof. For q > 0, it follows from Lemma 1231 that x = 0. Since ||(—q)+|| = 0, the conclusion 
holds obviously. Therefore, we may assume that x 7 ^ 0, or equivalently, that q is not 
nonnegative. Since x is a solution of TCP(Al, q), we have 


and hence. 


In particular. 


X > 0, q + AY^-^ > 0, and x^(q + Alx™"^) = 0, 

{AyP"~^)i > (-q)i for all i G In- 
|(Alx™"^),| > ((^x™"^)+)i > ((-q)+)i for all i G /„. 


(3.11) 
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Thus, 


(3.12) 


IMx’"-‘|U > ll(-q) + ll=o. 

By the above inequality together with Lemma 12.31 we have 


-q) + ||oo <||X ||2 


m—21| ||;5^|| I 


=iixiir^iiT^(x)iu 

<||x||™"^||x||oo||T^||oo 

<n^||x||™"^||T^||oo (use ||x ||2 < v^||x||oo). 


This prove (i). Next we show (ii). Similarly, using Lemma [2.31 and (I3.12p . we also have 

ll(-q)+l|oo<||(^x-i)[^l||--i 

= ll^.4(x)||--^ 

<MZ-^\\Fa\\Z-^. 

(hi) It follows from fl3.12p and Lemma 12.31 that 

||(-q )+||2 <Mx™-i 2 = 


= X 


im —2 I 


2 r^(x )||2 
|x||2||t^||2 
<iixiir'r^ii2. 


<iixiir^ 


So, (hi) is proved. Now we show (iv). It follows from fl3.12p and Lemma [2.31 that 


q)+||m < Mx—= ||(^X™-1)1^ 


Im 


= II^.4(X)|| 


m—1 

m 


1 || T? 11^^—1 

^\m\m W^AWm ■ 


The desired inequality follows. 


□ 


Combining Lemmas 12.31 and 13.11 with Theorem I3.1H the following theorems are easily 
proved. 

Theorem 3.12. Let A G Tm,n (m > 2) be strictly semi-positive, and let ^ be a solution of 
TCP{A,q). Then 


-q)- 


n 2 max 2^ \aii^...i 


q)+lloo 

^ ||X||oo 




(3.13) 
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Theorem 3.13. Let A G Tm,n (m > 2) be strictly semi-positive, and let be a solution of 
TCP{A,q). If m is even, then 

ll(-q)+lloo 

mfpc I \aii2-im 

Combining Lemmas 12.41 and 13.11 with Theorem 13.111 the following theorems are easily 
proved. 


< 


I Iloo — 


'-q)- 




(3.14) 


Theorem 3.14. Let A G Tm,n (m>2) be strictly semi-positive, and let ^ be a solution of 
TCP{A,q). if A is symmetric, then 


Il(-q)+ll2 




X 


m—1 
2 


< 


Il(-q)+ll2 

h(^) 


(3.15) 


Theorem 3.15. Let A G Tm,n (m > 2) be strictly semi-positive, and let be a solution of 
TCP{A,q). If A is symmetric and m is even, then 


ll(-q)+ 



X 


m—1 

m 


< 


ll(-q)+ll 

A(^) 


m 

m—1 


(3.16) 


When m = 2, both A (A) and fi{A) are the smallest Pareto eigenvalue of a matrix A, 
denote by A (A). For more details on Pareto eigenvalue of a matrix, see Seeger [lUj, Seeger, 
Torki[4T] and Hiriart-Urruty, Seeger |12]. Then the following conclusions are easy to obtain. 


Corollary 3.16. Let A be a strictly semi-monotone n x n matrix, and let x be a solution 
of LCP{A,q). Then 


(^) 

(ii) 


ll(-q)+lloc 

n 

max Yi bul 
i^In j = l 


< 




Il(-q)+ll2 



< 


IK q)+ll°g . 

- /3(A) ' 


X 2 < 


Il(-q)+ll2 

A(A) 


if A is symmetric. 


From Lemma 12.11 and Theorems 13.12113.13113.14113.151 the following corollary follows. 


Corollary 3.17. Let A G Sm,n (m > 2) be strictly copositive, and let x be a solution to 
TCP{A,q). Then 
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(^) 

(ll) 

(Hi) 

(iv) 


(-q)+||oo 


max E Iaii2-iml 
^eln \i2, - ,im = l 


(-q)+llc 


maxi ^ |ai^2---iml 


^ 2 ’'" >^m = l 


< llxll™ 

— II lloo 


^ II ||m—1 ^ ll(~q)+l|oo ■ 
^ ll-^lloo ^ i3{A) ’ 

-1 ^ ll(-q)-< 


— ^ 0{A) ^ 


(-q)+ll2 


m-2 I ri 

X] I Y1 I 

i=l \i2, - ,im = l 


-T- < I|X 


\m-l ^ ||(-q)+||2 


2 — 


li{A) 


(-q)+lk 


(-q) 


I I 

i = l \i2, -- = 


X ^ ll^llm ^ ^- HA)^ even; 


Question 2. We obtain the upper and lower bounds of solution set for tensor complemen¬ 
tarity problem (TCP) with strictly semi-positive tensors fTheorems \3.1^ \3.13\. \3.1Ji\ \3.13) . 

• Are the upper and lower bounds best? 

• May the symmetry be removed in Theorems 3.14 omd \3.1,^ ? 

• How to design an effective algorithm to compute the bounds? 


4 Conclusions 


In this paper, we discuss some nice properties of strictly semi-positive tensors. The quantity 
f3{A) closely adheres to strictly semi-positive tensors and play an important role in the error 
bound analysis of TCP(^, q). More specihcally, the following conclusions are proved. 


• The monotonicity and boundedness of f3{A) are established; 

• A tensor A is strictly semi-positive if and only if (3{A) > 0; 

• Each Tr’''(Z’'')-eigenvalue of a strictly semi-positive tensor is strictly positive; 

• We introduce two quantities 5h+{A) and 6z+{A), and show they closely adhere to the 
upper bounds of the constant (3{A)] 

• The boundedness of solution set are presented for TCP(M, q) with a strictly semi¬ 
positive tensor A. 
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